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Inequalities for Continued Fractions, II
Zaizhao Meng
In this paper, we investigate the monotone property of the continued fractions G(m,λ)
as a function of m and λ. In particular, we obtain new inequality for the relative
continued fractions.
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1. Introduction
We use the symbols and the properties of continued fractions in [1].
Let
< x0, x1, x2, . . . >= x0 +
1
x1 +
1
x2+. ..
,
< x0, x1, x2, . . . , xn >= x0 +
1
x1 +
1
x2+...+ 1
xn
,
and P−2 = 0, P−1 = 1, Q−2 = 1, Q−1 = 0, Pn = xnPn−1 + Pn−2,
Qn = xnQn−1 +Qn−2, then, for n ≥ 0, we have
< x0, x1, x2, . . . , xn >=
Pn
Qn
.
Suppose that m > −1, λ > 0, and let x0 = mλ, x1 = (m+ 1)λ, . . . ,
xj = (m+ j)λ, . . . , xn = (m+ n)λ. We define the functions
Gn(m,λ) :=
Pn
Qn
,
G(m,λ) := lim
n→∞
Gn(m,λ).
1
G(m,λ) =< mλ, (m+ 1)λ, (m + 2)λ, . . . >= mλ+ 1
(m+1)λ+ 1
(m+2)λ+
...
.
The purpose of this paper is to obtain new inequality for G(m,λ).
THEOREM . For m ≥ 0, λ > 0 , we have
G(m+ 1, λ) >
mλ
2
+
√
m2λ2
4
+ 1 > G(m,λ).
In particular, for m ≥ 1, λ > 0, G(m,λ) > 1.
λ+ 1
2λ+ 1
3λ+
.. .
> 1, λ > 0.
2. Proof of Theorem
By Corollary 2 of [1], for λ > 0, we have
G(m+ 1, λ) > G(m,λ) = mλ+
1
G(m+ 1, λ)
,
consequently, we obtain G(m+1, λ) > mλ2 +
√
m2λ2
4 + 1 > G(m,λ), the theorem follows.
We obtain G(0, λ) = 1
G(1,λ) < 1, for fixed λ > 0, there exists α(λ) ∈ (0, 1) such that
G(α(λ), λ) = 1, by Theorem 3 of [1], for m > −1, lim
λ→0+
G(m,λ) = 1, hence , there exists
m ∈ (0, 1), the function G(m,λ) of λ is not monotonically increasing in (0,+∞).
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